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The use of an elliptical Gaussian beam (EGB) for applications relying on light scattering depends much on the
ability to evaluate the beam shape coefficients (BSC) effectively and accurately. Based on the angular spectrum
decomposition (ASD) of the radial components of the beam field, we present the formulations of the BSCs for the
EGB. Numerical calculations of the BSCs, the beam reconstruction, and light scattering are performed. The fidel-
ity of the reconstructed field to the given one is discussed so as to examine the BSC calculation. A comparison of
the ASD method with the quadrature and localized approximation methods leads to the conclusion that the ASD
method is much faster than the quadrature method, and it is very powerful for acquiring reliable and accurate
results of BSCs, even for far off-axis locations and high ellipticities of the EGB. © 2018 Optical Society of America
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1. INTRODUCTION

Most laser diodes or solid-state lasers emit elliptical Gaussian
beams (EGB). Besides, the EGB can also be obtained by
focusing a circular Gaussian beam (CGB) with a cylindrical
lens or by refracting a CGB at obliquely incident angles.
EGBs have been used in various measurement techniques re-
lying on light scattering, such as optical particle sizing, particle
image velocimetry, particle hologram, optical trapping, and
manipulation [1–6].

Light scattering by a spherical particle requires a description
of the incident beam in the spherical coordinate system, whose
origin is fixed at the center of the particle. The incident beam
field is expanded into an infinite series of spherical vector wave
functions (SVWFs), each of which is weighted by an expansion
coefficient. These coefficients are called beam shape coefficients
(BSC). The use of EGB for applications relying on light scat-
tering depends much on the ability to evaluate efficiently and
accurately the BSCs that describe the beam profile. In the past
few decades, different methods have been developed that can be
classified into direct and indirect methods. The generalized
Lorenz–Mie theory (GLMT) is one of the direct methods,
in which a physical description of the beam in terms of radial
electrical and magnetic field components Er and Hr is required
for evaluating the BSCs [7]. Another direct method utilizes
the whole beam field E or H [8]. The angular spectrum de-
composition (ASD) method is an indirect method, in which
the electromagnetic field is modeled as a superposition of

monochromatic plane waves traveling in different directions
[9–11], and each plane wave is expanded into SVWFs.

One of the issues in the BSC calculation is the efficiency of
numerical computation. For this purpose, different methods
have been developed in the GLMT, including the quadratures,
the infinite series, the localized approximation (LA), and the
integral LA (ILA) [12–16]. The quadrature methods appear
under two formulations, one using three-dimensional integrals
over all the three spherical coordinates r, θ, and ϕ, and the
other using two-dimensional integrals over the polar angle θ
and the azimuth angle ϕ. The latter is much faster than the
former because it requires one less integration. The quadrature
methods are very time consuming because the functions to
be integrated oscillate greatly, which limits their applications.
The LA and ILA methods relied on an analogy to van de
Hulst’s localization principle [17]. As a result, the integration
over the polar angle is avoided, which speeds up the BSC
calculation greatly. The ASD method uses two-dimensional
integrals over the polar and azimuth angles in the Fourier space.
This method is more efficient than the double quadrature of
the GLMT, because functions to be integrated in ASD are
not as oscillatory as those in GLMT. Another trial to improve
the efficiency of numerical computation is to separate the
azimuth-dependent terms from the beam field and carry out
the azimuth integration analytically. This simplifies the BSC
calculation into one-dimensional integration, which is ten
times faster than the two-dimensional integrations. An example
of this for a CGB can be found in Ref. [18].
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Another issue in the BSC calculation is the accuracy of
results, which can be examined by the fidelity of the recon-
structed beam to the given one. Since the EGB can only be
given in its low-order approximations, the beam field does not
satisfy Maxwell’s equations rigorously. However, its SVWF ex-
pansion is a strict solution to Maxwell’s equations. Therefore,
remodeling must occur in the methods for BSC evaluation,
which determines the deviation of the reconstructed beam
from the original one. The fidelity of the reconstructed beam
to the given one reveals the remodeling of the methods for
BSC calculation. Besides, the accuracy of BSC results also
depends closely on the power of the numerical method
that is employed in the BSC calculation, i.e., the ability of
the method for getting reliable results for various beam
parameters.

In the past, scattering of the CGB has been studied exten-
sively, but for the EGB, as far as we know, there are only limited
publications (e.g., Refs. [16,19–21]) due to the similarity of the
beam profiles. However, since the CGB is only a special case of
the EGB, light scattering of an EGB is noteworthy. The BSC
calculation of an EGB is much more difficult than that of
the CGB. In some cases, incorrect results of the BSCs may
be obtained due to the loss of significant digits in numerical
computation [22], which will be further discussed later in this
paper.

The work aims at light scattering of an EGB by a spherical
particle. In order to reveal the difference of remodeling in the
quadrature method of GLMT and in the ASD method, ex-
pressions of BSCs are derived by expanding the radial com-
ponents of the electric and magnetic fields of the EGB
into the angular spectra. The BSCs in the quadrature and
ASD methods are expressed in terms of one-dimensional
integrals. The efficiency and accuracy of the methods are
discussed by analyzing the BSC results and the corresponding
reconstructed beam fields. Examples of the scattered light
intensities are given.

2. ANALYTICAL FORMULATIONS

A. General Description of the Fields

In processing light scattering of a spherical particle, multiple
expansion of the beam field in terms of SVWFs is required.
The SVWFs have the following form:8>>>>>>><

>>>>>>>:

M̃�i�
nm � Z �i�

n �ρ�
ρ

eimϕ�imπ̃mn �θ�eθ − τ̃mn �θ�eϕ�

Ñ�i�
nm � Z �i�

n �ρ�
ρ2

eimϕn�n� 1�P̃m
n �θ�er

� Z �i� 0
n �ρ�
ρ

eimϕ�τ̃mn �θ�eθ � imπ̃mn �θ�eϕ�

, (1)

where �r, θ,ϕ� are the radius, polar, and azimuth angles in the
spherical coordinate system (as shown in Fig. 1); er , eθ, and
eϕ are the unit vectors, respectively; Z �i�

n �ρ� represents the
Riccati–Bessel functions, where i � 1 for the incident beam
and the field inside the particle and i � 3 for the scattering
field; ρ � kr is the dimensionless radial, wherein k is the wave-
number; and P̃m

n �cos θ� is the normalized associated Legendre

function (NALF) of degree n and order m. Following Ferrer’s
definition, it is given as

P̃m
n �x� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2n� 1��n − m�!

2�n� m�!

s
�1 − x2�m2 1

2nn!
dm�n

dxm�n �x2 − 1�n,

(2)

where x � cos θ. π̃mn �θ� and τ̃mn �θ� are the generalized
Legendre functions (GLFs) defined as π̃mn �θ� � P̃m

n �θ�∕sin θ
and τ̃mn �θ� � dP̃m

n �θ�∕dθ; the negative time convention
exp�−iωt� is omitted, where ω is the angular frequency of
light.

The electromagnetic field of the incident beam is expanded
into8>>><

>>>:
Einc � E0

X∞
n�1

Xn
m�−n

cpwn fiAnmÑ
�1�
nm − BnmM̃

�1�
nmg

Hinc � H 0

X∞
n�1

Xn
m�−n

cpwn fAnmM̃
�1�
nm � iBnmÑ

�1�
nmg

: (3)

The BSCs Anm and Bnm, following Barton’s notation [23],
describe the characteristics of the incident beam. The factor
cpwn � in�2n� 1�∕2n�n� 1� also appears in the expansion
of a plane wave (the superscript pw stands for plane wave).
E0 and H 0 are the amplitudes of the electric and magnetic
fields at a chosen position (usually the beam center), satisfying
the relation E0 �

ffiffiffiffiffiffiffiffi
μ∕ε

p
H 0, where ε and μ are, respectively,

the permittivity and permeability of the medium. If the beam
field to be expanded is an exact solution to Maxwell’s equa-
tions, the BSCs describe the given beam exactly [8]. In con-
trast, if the given beam does not satisfy Maxwell’s equations
rigorously, the determination of the BSCs produces a remod-
eling of the beam, which depends on the way it occurs. In this
case, the SVWF expansion at the right hand side of Eq. (3)
gives an approximation of the incident beam.

As long as the BSCs have been determined, the internal
field and the scattered field can be described with8>>><
>>>:

Eint � E0

X∞
n�1

Xn
m�−n

cpwn fid nAnmÑ
�1�
nm − cnBnmM̃

�1�
nmg

Hint � H 0

X∞
n�1

Xn
m�−n

cpwn fdnAnmM̃
�1�
nm � icnBnmÑ

�1�
nmg

, (4)

Fig. 1. Geometrical scheme of the coordinates.
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8>>><
>>>:

Esca � −E0

X∞
n�1

Xn
m�−n

cpwn fianAnmÑ
�3�
nm − bnBnmM̃

�3�
nmg

Hsca � −H 0

X∞
n�1

Xn
m�−n

cpwn fanAnmM̃
�3�
nm � ibnBnmÑ

�3�
nmg

,

(5)

where �an, bn� and �cn, dn� are the scattering coefficients
obtained from the boundary conditions [24]. Similar to the
BSCs, the scattering coefficients depend also on the time
convention, which was not indicated in Ref. [25]. The far-field
scattered light can be calculated with Eq. (5) in the limit
of ρ → ∞.

B. Formulations of BSCs in GLMT

We consider an EGB which is propagating along the positive z
axis and whose center is located at �x0, y0, z0�. In the negative
time convention exp�−iωt�, the beam field can be described
by a scalar function [26,27]:

A�r� � −i
ffiffiffiffiffiffiffiffiffiffiffiffi
QxQy

q
e
iQx

�
x−x0
w0x

�
2�iQy

�
y−y0
w0y

�
2�ik�z−z0�, (6)

where w0x and w0y are the beam waist radii along the x and y
axes. The corresponding beam confinement parameters are
sx � 1∕kw0x and sy � 1∕kw0y. The parameters Qx and Qy
are defined as �

Qx � �2s2x k�z − z0� − i�−1
Qy � �2s2y k�z − z0� − i�−1 : (7)

When the electric field is x polarized in the plane of the
beam waist (i.e., z � z0), the radial field components of the
EGB can be written as�

E inc
r � E0

�
x
r −

z
ikr

∂
∂x

�
A�r�

H inc
r � H 0

�y
r −

z
ikr

∂
∂y

�
A�r� : (8)

In the quadrature method of GLMT, the BSCs Anm and
Bnm are expressed in two-dmensional integrations, one over
the polar angle θ and the other over the azimuth angle ϕ:�
Anm

Bnm

�
� �−i�n�1

π�2n�1�
ρ2

ψn�ρ�

×
R
π
0 dθ sin θP̃

m
n �cos θ�

R
2π
0 dϕe−imϕ

�
E inc
r ∕E0

H inc
r ∕H 0

�
: (9)

Here, ψn�ρ� � Z �1�
n �ρ� is the first kind Riccati–Bessel func-

tion. Since the low-order corrected EGB description is only an
approximate solution to Maxwell’s equations, the BSCs show a
dependence on the value of the radius ρ. Therefore, a specific
value ρn � n� 0.5 is used in numerical computation [7]. This
special value of the radius is the same as what is used in the
original LA, and it can be regarded as the radial localization.
The radial localization produces a remodeling of the beam
in the quadrature method.

The following procedure of deduction is straightforward but
very tedious. After some algebraic manipulation, we have the
formulations of BSCs for the EGB [22]:�

Anm
Bnm

�
� γ0

Z
π

0

γ1

�
γA2
γB2

�
dθ, (10)

where the factors γ0, γ1, and �γA2 , γB2 � are defined as

γ0 �
�−i�n

�2n� 1�
ρ2n

ψn�ρn�
e−ikz0 , (11)

γ1 � sin θP̃m
n �cos θ�

ffiffiffiffiffiffiffiffiffiffiffiffi
QxQy

q
× e

i
2�Qxs2x�Qys2y �ρ2n sin2 θ�ik2�Qxs2x x20�Qys2y y20��iρ cos θ , (12)

8>>><
>>>:

γA2 � sin θ�2Qxs2xρn cos θ − 1��Iϕm−1 � Iϕm�1�
− 4Qxs2xkx0 cos θ · Iϕm

γB2 � i sin θ�2Qys2yρn cos θ − 1��Iϕm�1 − I
ϕ
m−1�

− 4Qys2y ky0 cos θ · Iϕm

: (13)

Here, Iϕm represents the integration over the azimuth angle,

Iϕm � 1

2π

Z
2π

0

eχ cos�2ϕ��γ cos�ϕ−ξ�−imϕdϕ, (14)

which can be further transformed into an infinite series of the
modified Bessel functions (see Refs. [21,22]):

Iϕm �
X∞
s�−∞

I s�χ�Im�2s�γ�e−i�m�2s�ξ: (15)

The parameters χ, γ, and ξ are defined with

χ � i
2
ρ2n sin

2 θ�Qxs2x − Qys2y �, (16)

γ � −i2ρnGxy sin θ, (17)

8<
:

Gxy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Qxs2x kx0�2 � �Qys2y ky0�2

q
cos ξ � Qxs2xkx0∕Gxy
sin ξ � Qys2y ky0∕Gxy

: (18)

In Eqs. (10)–(18), the radius is localized at ρn � n� 0.5.
Combined with another localization of the polar angle at
θ � π∕2, the formulation of BSCs can be further simplified to�

An,m
iBn,m

�
� −Zm

n ψ̄
0
0e

−ikz0�Īϕm−1 � Īϕm�1�: (19)

The pre-factor Zm
n and the factor ψ̄0

0 are given as [18]

Zm
n � i1−jmj�n� 0.5�12−jmj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�n� jmj�!
�n − jmj�!

s
, (20)

ψ̄0
0 � −i

ffiffiffiffiffiffiffiffiffiffiffiffi
Q̄xQ̄y

q
e
i
2�Q̄x s2x�Q̄y s2y �ρ2n�ik2�Q̄x s2x x20�Q̄y s2y y20�: (21)

Here, the bar denotes that these parameters have been
treated by the localizations (i.e., replace ρ and θ with
n� 0.5 and π∕2).

C. Formulations of BSCs in the ASD Method

The angular spectrum representation is a powerful technique to
describe beam fields in homogeneous media. The beam field is
described as a superposition of plane waves and evanescent
waves, which are solutions to Maxwell’s equations. Usually,
the ASD is implemented by analyzing the angular spectrum
of the vector potential of the beam [10] or the electromagnetic
field itself [18]. In this work, we start from the scalar function
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A�r�, which has been given in Eq. (6). The two-dimensional
Fourier transform of A�r� in the plane z � 0 that is
perpendicular to the beam propagation direction is obtained as

Â�kx , ky; z � 0� � πw0xw0ye
−14�k2xw2

0x�k2y w2
0y�e−ik·r0 : (22)

Therefore, the Fourier spectra at an arbitrary plane z �
constant can be given by Â�kx , ky; z� � Â�kx , ky; z � 0�eikz z
if A�r� satisfies the Helmholtz equation �∇2 � k2�A�r� � 0.
The inverse Fourier transform of Â�kx , ky; z� leads to the
angular spectrum representation of the beam:

A�r� � w0xw0y

4π

Z �∞

−∞

Z �∞

−∞
e−

1
4�k2xw2

0x�k2y w2
0y�eik·�r−r0�dkxdky,

(23)

in which there are two different types of plane waves. Within the
region k2x � k2y ≤ k2, each plane wave is homogeneous and
propagates in a direction, as illustrated in Fig. 1. However, within
the complementary domain k2x � k2y > k2, the plane wave is
evanescent, propagates in a direction parallel to the xy plane,
and decays exponentially with increasing z. For a loosely focused
EGB, we have kw0x ≫ 1 and kw0y ≫ 1, and, hence, the expo-
nential function exp�−�k2xw2

0x � k2y w2
0y�∕4� decays rapidly when

k2x � k2y → k2. This indicates that the evanescent waves do not
visibly contribute to the beam field. Therefore, the integration
can be limited in the region k2x � k2y ≤ k2 [26].

The substitution of Eq. (23) into Eq. (8) leads to the angular
spectrum representation of the radial component of the electric
field:

E inc
r � E0

w0xw0y

4π

×
Z �∞

−∞

Z �∞

−∞

�
x
r
−
z
r
kx
k

�
e−

1
4�k2xw2

0x�k2y w2
0y�eik·�r−r0�dkxdky:

(24)

Since A�r� is only an approximate expression of the
EGB, it does not strictly satisfy the Helmholtz equation
�∇2 � k2�A�r� � 0. Looking at Eq. (24), we may find that
the first and second terms of the integrand are, respectively,
the projections/contributions of E inc

x and E inc
z of the plane wave

to the radial component of electric field E inc
r . The vector

�1, 0, − kx∕k� represents the direction of the electric field,
and �kx , ky, kz� is the propagation direction of the plane
wave. Nonetheless, the scalar product of �1, 0, − kx∕k� and
�kx , ky, kz� is not equal to zero. This suggests that the remod-
eling must be given to the radial component E inc

r , i.e., replacing
�1, 0, − kx∕k� with �kz∕k, 0, − kx∕k�.

In the spherical coordinate system, as illustrated in Fig. 1, we
have kx � k sin α cos β and ky � k sin α sin β, wherein α is
the polar angle and β is the azimuth angle of the wave vector k.
By limiting the integration in the region k2x � k2y ≤ k2 and
using the relation dkxdky � k2 sin α cos αdαdβ, Eq. (24)
can be further developed to

E inc
r � E0

4πsx sy

Z
π∕2

0

dα sin α cos αeiρ cos θ cos α

×
Z

2π

0

dβ�sin θ cos ϕ cos α − cos θ sin α cos β�e−
sin2 α
4

�
cos2 β

s2x
�sin2 β

s2y

	
eiρ sin θ sin α cos�ϕ−β�e−ik·r0 : (25)

In the next step, we substitute Eq. (25) into Eq. (9) and then interchange the order of integrals over �θ,ϕ� and �α, β�, leading to

Anm � �−i�n�1

4π2sx sy�2n� 1�
ρ2

ψn�ρ�
Z

π∕2

0

dα sin α cos α

Z
2π

0

dβe
−sin

2α
4

�
cos2β

s2x
�sin2β

s2y

	
e−ik·r0

×
R
π
0 dθ sin θP̃m

n �cos θ
�
eiρ cos α cos θ

8<
:

sin θ cos α

2

hZ 2π

0

dϕeiρ sin α sin θ cos�ϕ−β�−i�m−1�ϕ �
Z

2π

0

dϕeiρ sin α sin θ cos�ϕ−β�−i�m�1�ϕ
i

− cos θ sin α cos β
R
2π
0 dϕeiρ sin α sin θ cos�ϕ−β�−imϕ

9=
; :

(26)

The ϕ integration in Eq. (26) can be transformed into Bessel functions:

Anm � −im−n

2πsx sy�2n� 1�
ρ2

ψn�ρ�
Z

π∕2

0

dα sin α cos α

Z
2π

0

dβe
−sin

2α
4

�
cos2β

s2x
�sin2β

s2y

	
e−ik·r0e−imβ

×
R
π
0 dθ sin θP̃m

n �cos θ�eiρ cos α cos θ

8<
:

i sin β
cos α

ρ sin α
mJm�ρ sin α sin θ��

cos β�sin θ cos αJ 0m�ρ sin α sin θ� − i cos θ sin αJm�ρ sin α sin θ��

9=
; : (27)

Substituting the identity of Eq. (28) [28] and its derivative of α [i.e., Eq. (29)] into Eq. (27),Z
π

0

dθ sin θP̃m
n �cos θ�Jm�ρ sin α sin θ�eiρ cos α cos θ � 2in−mjn�ρ�P̃m

n �cos α�: (28)

Z
π

0

dθ sin θP̃m
n �cos θ�

�
cos α sin θJ 0m�ρ sin α sin θ�
−i sin α cos θJm�ρ sin α sin θ�



eiρ cos α cos θ � 2in−m

jn�ρ�
ρ

dP̃m
n �cos α�
dα

: (29)
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Thus, the non-radial dependence of the BSCs is achieved,
which benefits from the remodeling in Eq. (25). Replacing
the factor e−ik·r0 with spherical coordinates, we have

Anm � −i1−m

�2n� 1�sx sy

Z
π∕2

0

dα sin α cos αe−
sin2α
8 �s−2x �s−2y �e−ikz0 cos α

×
� �cos α ·mπ̃mn �α� � τ̃mn �α��Xm−1�α�
��cos α ·mπ̃mn �α� − τ̃mn �α��Xm�1�α�



: (30)

The β-dependent terms are separated from the functions to be
integrated, and the β integration Xm�α� is given as

Xm�α� �
im

2π

Z
2π

0

eχ cos 2β−iγ cos�β−ξ0�−imβdβ: (31)

The parameters used in Eqs. (30) and (31) are defined as

χ � �s−2y − s−2x �sin2 α∕8, (32)

γ � ρ0 sin α, (33)8<
:

ρ0 � k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 � y20

p
cos ξ0 � kx0∕ρ0
sin ξ0 � ky0∕ρ0

: (34)

The β integration of Eq. (31) is very similar to that of
Eq. (14), so we can follow the same procedure given in
Ref. [21]. Finally, it is transformed into a series of (modified)
Bessel functions:

Xm�α� �
X∞
s�−∞

�−1�sI s�χ�Jm�2s�γ�e−i�m�2s�ξ0 : (35)

By repeating the same procedure of deduction on the radial
component of magnetic field Hr , the formulation of Bnm can
be obtained.

As the result, the BSCs of the EGB in the ASD method are
expressed as below:�
Anm

iBnm

�
� −i1−m

�2n�1�sx sy

Z
π∕2

0

dα sinα cosαe−
sin2α
8 �s−2x �s−2y �e−ikz0 cosα

×
��cosα ·mπ̃mn �α�� τ̃mn �α��Xm−1�α�
��cosα ·mπ̃mn �α�− τ̃mn �α��Xm�1�α�



: (36)

The CGB is a special case of the EGB when
w0x � w0y � w0. In this case, the parameter χ defined in
Eqs. (16) and (32) is equal to zero. Therefore, the function
Imϕ described in Eq. (15) can be simplified to

Iϕm � Im�γ�e−imξ, (37)

and the function Xm�α� of Eq. (35) is simplified to

Xm�α� � Jm�γ�e−imξ0 : (38)

This leads to the same expressions of BSCs of Ref. [18].

3. NUMERICAL RESULTS AND DISCUSSION

A. General Description of Numerical Computation

Numerical computation of the BSCs involves the calculations
of the NALFs P̃m

n , the GLFs π̃mn and τ̃mn , and the (modified)
Bessel functions Im and Jm. All of these functions can be com-
puted by using their recurrence relations, which have been

extensively discussed in the literature. The use of the normali-
zation factor of the associated Legendre function can limit the
values of the relevant functions (i.e., P̃m

n , π̃mn , and τ̃mn ) within
reasonable ranges. In our case, attention should be paid to the
numerical computation of the modified Bessel function Im, be-
cause the value of the function increases rapidly when the real
part of its argument increases, and it may exceed the limit of the
floating number. This can be avoided by using the method in-
troduced in Ref. [21].

The calculation of the infinite series of (modified) Bessel
functions is required in the LA method, the quadrature and
ASD methods using one-dimensional integration [see
Eqs. (15) and (35)]. Summation of the series can be truncated,
depending on the involved parameters (i.e., γ, χ, and ξ0) and
the azimuth indexm. The criterion for the range of the integer s
can be easily evaluated because the (modified) Bessel function
decreases very fast when the order is high enough.

Numerical computation of the BSCs with the quadrature
and ASD methods involves the integrations of violently
oscillatory functions. In order to improve the accuracy
and the efficiency of the BSC calculation, the numerical
integration is performed by subdividing the interval into
several equidistant ones. For each subinterval, the Romberg
method combined with the composite trapezoidal rule is
employed.

The task of BSC calculation for given beam parameters is
decided as follows: (1) the partial wave order is truncated at nt
when maxfjAn,mj, jBn,mjg < 10−10 is satisfied for a fixed low
azimuth mode m � 1; (2) for a certain partial wave n, the azi-
muth index is truncated at mt when maxfjAn,mj, jBn,mjg <
10−10 maxfjAn,1j, jBn,1jg is met, otherwise mt � n.

The BSC results are examined by reconstructing the beam
field and comparing the constructed field with the given one.
Afterwards, these BSCs that are validated are used for further
calculations, such as the internal field and the near-/far-field
scattering.

All of the numerical calculations discussed in the following
sections are executed using the double-precision VC++6.0
codes on a personal computer powered by a 3.2 GHz CPU.

B. Efficiency of Numerical Computation

The BSCs of the EGB can be calculated alternatively with the
quadrature method [i.e., Eqs. (10)–(18)], the LA method [i.e.,
Eqs. (19)–(21)], and the ASD method [i.e., Eqs. (31)–(36)].
The quadrature method and the ASD method can be imple-
mented with one- or two-dimensional integrations, depending
on the way to calculate the azimuth-dependent functions (i.e.,
Iϕm in the quadrature method and Xm�α� in the ASD method).
A comparison of the CPU time for calculating the Xm�α� can
be used to show the efficiency of the ASD method. Assum-
ing the parameters λ � 0.6328 μm, w0x � 3w0y � 6 μm,
ξ0 � π∕4, and α � 0.3 rad, we calculate Xm�α� for m � 1
with Eq. (35). It costs about 0.17 s for ten thousand repeats.
The same calculation using the integral of Eq. (31) with a de-
sired accuracy of 1 × 10−5 requires about 3.16 s. For the calcu-
lation of Xm�α� for m � 20, the CPU times required in these
calculations are 0.16 s and 6.11 s, respectively. This indicates
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that the ASD method using the one-dimensional integration is
at least ten times faster than the two-dimensional integrations.
Such is also the case for the quadrature method.

A comparison of the efficiency between the ASD, quadra-
ture, and LA methods can be made with the same beam param-
eters, e.g., w0y � 2w0x � 5 μm, λ � 0.6328 μm, x0 � 6 μm,
y0 � 4 μm, and z0 � 0. The CPU time of the ASD method
using one-dimensional integration for evaluating all of the
BSCs is about 1.66 h, the one-dimensional quadrature method
requires about 20 h, and the LA method needs only 9.2 s.
Among these methods, the LA is the most efficient, and the
quadrature technique is the most time consuming. The ASD
method is about ten times faster than the quadrature method.
This is because the integrand in the quadrature method oscil-
lates more violently and distributes more widely than that of
the ASD method, as shown in Fig. 2. Further numerical study
indicates that the CPU time required for evaluating all of the
BSCs depends on both the beam waist radii �w0x ,w0y� and the
coordinates of the beam center �x0, y0, z0�. Notably, more CPU
time is required when the beam center is far away from the
z axis and when the beam ellipticity is high.

C. Beam Reconstruction

As long as the BSCs have been calculated, the incident beam
field can be reconstructed by using Eq. (3). A comparison be-
tween the reconstructed beam field and the given one can be
used to validate the numerical method for evaluating the BSCs.
An example of the reconstructed beam field is shown in Fig. 3
together with the beam parameters. The amplitude of the field
at the beam center is assumed to be E0 � 1. The field can be
reconstructed in the region where E > 10−8. Outside of this
region, the reconstructed field is dominated by round-off

Fig. 2. Comparison of the integrands used in (a) the ASD method
and (b) the quadrature method, wherein the partial wave order is
n � 72 and the azimuth indices are m � 1, 10, and 20, respectively.

Fig. 3. Beam fields reconstructed by (a) the ASD method, (b) the
quadrature method, and (c) the LA method.
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errors, which is decided by the BSC results. The fidelity of the
beam fields reconstructed by the ASD and quadrature methods
to the given one is excellent. This implies that, although the
remodeling in the ASD method is slightly different from that
of quadrature method, both methods provide very nice approx-
imations to the given field. The LA method can also reconstruct
the intended peak satisfyingly, but it produces a pseudo-peak,
whose level is about 1 × 10−6 [18,21,29]. The pseudo-peak is a
result of the polar angle localization.

Further numerical study concerns the BSC calculation and
the beam reconstruction for various locations and ellipticities
of the beam. It is found that the ASD method is capable of

reconstructing the beam fields with high beam ellipticities
and far off-axis locations. However, the beam fields recon-
structed by the LA and quadrature methods are of poor quality
for the far off-axis location (as shown in Fig. 4) and high beam
ellipticity (Fig. 5). It can be seen that the ASD method can
reproduce the beam field in the region where the level of
the field is as low as 1 × 10−9, while the LA and quadrature
methods are limited at the level of about 1 × 10−3. For more
information, please refer to Ref. [22].

The superiority of the ASD method to the quadrature and
LA methods can be attributed to its way for calculating the
BSCs. As described in Eq. (36), the integrand of the ASD
method includes a function exp�−sin2 α�s−2x � s−2y �∕8�, which
distributes mainly in a narrow range of polar angles very close
to zero. Therefore, the integration can be implemented within a
narrow interval of small polar angles, in which it is not difficult
to calculate the function Xm�α� accurately. Although the inte-
grand of the quadrature method [see Eqs. (10)–(13)] includes
functions similar to those of the ASD, the integrand of the
quadrature method distributes much more widely, covering
a range centered at π∕2. The integrand cannot be calculated
accurately for high partial waves of the EGB, because the Iϕm
calculation involves a delicate cancellation, and there can be
a catastrophic loss of significance in the vicinity of θ � π∕2
[22]. This occurs for high beam ellipticity and far off-axis

Fig. 4. Comparison of the reconstructed beam fields for far off-
axis location. The parameters are λ � 0.6328 μm, w0x � 2 μm,
w0y � 5 μm, x0 � 8 μm, and y0 � z0 � 0.

Fig. 5. Beam fields reconstructed by (a) the ASD method and
(b) LA method. The parameters are λ � 0.6328 μm, w0x � 2 μm,
w0y � 10 μm, x0 � 6 μm, y0 � 3 μm, and z0 � 0.
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locations. The situation for the LA method can be even more
serious because the localization is made at π∕2. As an example,
Fig. 6 shows a comparison of the BSCs calculated with these
two methods, wherein the parameters are the same as those
used in Fig. 4. It can be seen that the quadrature and LA meth-
ods acquire incorrect results of BSCs for partial waves n > 136.
The extraordinary increase of the BSCs calculated by the LA
method is caused by a complete loss of significant digits in
the Īϕm calculation [see Eq. (19)]. In the quadrature method,
large errors are introduced in the calculation of the function
Iϕm in the vicinity of the polar angle π∕2 [22]. It should be
mentioned that the integral method for calculating the function
Iϕm, given in Eq. (14), does not improve the situation. The in-
tegration is in principle a sum of the functions in the interval,
and, if the result of integration is much less than the maximum
of the integrand, the significant digits are inevitably lost.

The incorrect BSCs may produce very strong ghost distri-
butions in the reconstructed beam field. For example, those
BSCs of n > 136 obtained in the quadrature and LA methods
would affect the reconstructed beam field mainly in the region
r > 13.7 μm. Therefore, in the beam reconstruction shown in
Figs. 4 and 5, the partial waves are truncated at nt � 136 in the
quadrature and LA methods. The lack of sufficient BSCs limits
the reliable beam reconstruction in a very narrow region.

D. Numerical Results of Light Scattering

The internal and the scattered fields can be calculated with
Eqs. (4) and (5) using the BSCs of the incident beam and
the scattering coefficients of the spherical particle. The far-field
scattered light can be calculated with Eq. (5) in the limit of
ρ → ∞. The total field outside the particle includes both
the incident and the scattered fields, i.e., Eext � Einc � Esca.
Since the calculation of the Mie coefficients is well issued
for the spherical particle [24,30], results of the internal and ex-
ternal fields depend mostly on the BSC calculation. Therefore,
the BSCs can be validated by comparing the reconstructed
beam field with the given field [22,29]. Alternatively, this
can be done by comparing the scattered light with simulated
results [11,31].

An example of far-field scattering in the xz plane is shown in
Fig. 7, in which the beam parameters are the same as those used

in Fig. 3. The particle diameter is d � 30 μm, and the refrac-
tive indices of the particle and its surrounding medium are
mp � 1.33 and ms � 1 (the relative refractive index is
m̂ � mp∕ms � 1.33). The scattered light intensities isca,θ
and isca,ϕ are the components polarized in the scattering plane
and perpendicular to the plane, respectively. The polar angle
θ > 0 represents the direction along the positive x axis and θ < 0
the negative x axis. The component isca,ϕ is about six orders
weaker than isca,θ, indicating the destructive and constructive con-
tributions of the partial waves, respectively. The components isca,θ
calculated with different methods agree with each other, due to
the successful calculation of BSCs and the constructive interfer-
ence of partial waves. Since the component isca,ϕ is the destructive
contribution of partial waves, the different remodeling effect of
the methods is asserted in isca,ϕ.

Figure 8 gives another example of far-field scattering in the
xz plane. The beam parameters are the same as those used in
Fig. 5. Apparent differences can be found in both the parallel
and perpendicular components isca,θ and isca,ϕ that are calcu-
lated with the LA and the ASD methods. It can be seen in
Fig. 5 that the incident beam field reconstructed by the
ASD method agrees with the given field much better than that
of the LA method. Therefore, the results of scattered light cal-
culated using the ASD method is more reliable. This suggests
that, in order to get reliable results, the quality of beam

Fig. 6. Comparison of the BSCs evaluated by the ASD, the quad-
rature, and the LA methods. The parameters are the same as those
in Fig. 4.

Fig. 7. Intensities of far-field scattering: (a) component polarized in
the xz plane; (b) component perpendicular to the xz plane. The beam
parameters are the same as those in Fig. 3. The particle diameter is
d � 30 μm, and the refractive indices of the particle and the sur-
rounding are mp � 1.33 and ms � 1.
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reconstruction should be checked carefully before the BSCs are
used for further calculation of light scattering.

Figure 9(a) shows the internal and near-surface fields in the
xz plane (i.e., y � 0 μm) using the BSCs calculated with the
ASD method. The beam parameters are the same as those de-
scribed in Fig. 4(a), and the BSCs have been validated by
checking the quality of the reconstructed field. The particle
diameter is d � 30 μm, and the relative refractive index of
the particle is m̂ � 1.333. Since the beam waist radii and
the particle diameter are much bigger than the wavelength,
and the beam waist in the x axis is much narrower than the
particle diameter, the beam propagation can be explained with
ray optics or Debye series [32]. As illustrated in the figure, p �
0 represents the reflection of the incident beam by the surface
of the sphere, p � 1 and p � 2 are the refracted components,
which undergo p − 1 internal reflections. Figure 9(b) shows the
fields simulated with the Lumerical finite-difference time-do-
main (FDTD) solutions. A cubic domain 40 μm × 40 μm ×
40 μm is selected, and the spherical particle is located at the
center of the cube. The grid is terminated by the perfectly
matched layer absorbing boundary condition. The simulated
result becomes very similar to the numerical result of
Fig. 9(a), when the discretization step is as low as 0.05 μm
(i.e., about λ∕13) in each direction.

Figure 10 shows the external field in the xy plane of
z � 100 μm. The beam waist radii are w0x � 10 μm and
w0y � 20 μm. The particle diameter is d � 10 μm, and
the relative refractive index is m̂ � 1.333. The beam center
is located at x0 � 3 μm, y0 � 5 μm, and z0 � −300 μm.
In this case, the distance between the beam canter and the

Fig. 8. Intensities of far-field scattering: (a) component polarized in
the xz plane; (b) component perpendicular to the xz plane. The beam
parameters are the same as those in Fig. 5. The particle diameter is
d � 30 μm, and the refractive indices of the particle and the sur-
rounding are mp � 1.33 and ms � 1.

Fig. 9. Internal and near-surface fields in the xz plane (y � 0 μm).
The spherical particle is illuminated by an EGB, whose parameters are
the same as those of Fig. 4. The particle diameter is d � 30 μm,
and the relative refractive index is m̂ � 1.333. (a) Result of ASD
method and (b) result simulated with the FDTD method.

Fig. 10. Near-surface field in the xy plane (z � 100 μm). The
spherical particle is illuminated by an EGB. All of the parameters
are illustrated in the figure.
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z axis is 5.83 μm, which is much less than w0x and w0y. The
ellipticity of the beam cross-section is not high. Therefore, all of
the methods (i.e., the LA, the quadrature, and the ASD meth-
ods) can achieve reliable results of BSCs, leading to reliable
results of the external fields.

4. CONCLUSION

Formulations of the BSCs for an EGB are derived by using the
angular spectra representation of the radial components of the
beam field. Such a deduction reveals the difference of beam
remodeling made in the quadrature, the LA, and the ASD
methods.

In both the quadrature and ASD methods for BSC calcu-
lation, the integration over n azimuth angle can be transformed
into the infinite series of (modified) Bessel functions, which can
greatly speed up the numerical computation. Numerical study
shows that the one-dimensional integration of the ASDmethod
is at least ten times faster than the two-dimensional integra-
tions, and it is ten times faster than the quadrature method,
because the functions to be integrated are not as seriously os-
cillatory as those in the quadrature method.

The calculated BSCs are used for reconstructing the beam
field. The fidelity of the reproduced field to the given one can
be used to examine the BSC calculation. It is found that, when
the beam center is very close to the z axis, and the beam ellip-
ticity is not very high, both the quadrature and LA methods can
evaluate the BSCs of the EGB accurately. But, when the EGB is
located far off-axis and/or the beam ellipticity is high, incorrect
values of BSCs are obtained. The ASD method, however, can
acquire reliable results and reconstruct the beam field satisfac-
torily in the region where E > 10−8. The ability of the ASD
method to evaluate the BSCs is insensitive to the beam ellip-
ticity and the beam location. Numerical study on this issue re-
veals that the difficulty in the quadrature and LA methods is
caused by the loss of significant digits in the calculation of
azimuth-dependent functions, which does not occur in the
ASD method. Therefore, it can be concluded that the ASD
method is more powerful and reliable for evaluating the
BSCs of the EGB than the other two methods. The calculation
of internal and external fields depends mainly on the BSCs. In
this work, the BSCs are validated mainly by checking the qual-
ity of the reconstructed incident beam field so as to get reliable
results of light scattering.
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